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Abstract. In this paper, we study the matrix multiplication operators on Banach 
function spaces and discuss their applications in semigroups for solving the abstract 
Cauchy problem. 
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1. Introduction 

Let (£2,E,/x) be a <7-finite complete measure space and C be the field of complex num- 
bers. By L(fi,C N ), we denote the linear space of all equivalence classes of C^-valued 
E-measurable functions on £2 that are identified fi-a.e. and are considered as column vec- 
tors. 

Let M denote the linear space of all functions in L(ji,C N ) that are finite a.e. With the 
topology of convergence in measure on the sets of finite measure, it is a metrizable space. 
The C^-valued Banach function space X is defined as 

x = {feL(fi,C N ): ||/lk<°°}, 

where \\.\\x is a function norm onl such that for each f,g,f n _ L(jx,C N ), n G N, we have 

(i) 0< ||/(*)||c* < \\g{x)\\ cN for M -a.e.„ e£l^ \\f\\ x < \\g\\x, 

(ii) < (/„), / (/); Al-a.e. for each i = 1,2, ...,_/=» ||/„|| x / ||/||x, and 

(iii) £eE with n(E) <°° implies that Ie-zEX, for each z £ C^, and 

/ \\f(x)\\ cN d^(x)<C E \\f\\ x , 

JE 

for some constant < Ce < °°, depending on E but independent of /, where lg is 
the characteristic function of the set E. 

DEFINITION 1. 

A function / in a Banach function space X is said to have absolutely continuous norm 
in X if ||/l£„||x — > for every sequence {E n }™ =i of /i-measurable sets in £2 satisfying 
E„ — » 0, /x-a.e., where E„ — > means that 1e„ — > 0, jJ,-a.e. 
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Let X a be the set of all functions in X having absolutely continuous norm. If X a = X, 
then we say that X has absolutely continuous norm. 

Let Xb be the closure of the set of all /i-simple functions in X. Then, we have 

x a cx b <zx. 

Throughout this paper, we assume that X = Xi,, that is, the simple functions are dense in 
X. In case X has absolutely continuous norm, we have X a = Xj,= X and so its Banach 
space dual X* and its associate space X' coincide, where X' is defined as 

X' = {geLQi,C")': \\g\\ x , <-} 

and 



sup 



-<f(x),g(x)y djLi(x) 



:/ex, ||/||x<l 



where L(jj,,C N Y denotes the corresponding space of equivalence classes of C^-valued 
functions considered as row vectors. Note that -<f(x),g(x) >- is the usual product of a row 
matrix formed by g(x) into a column matrix formed by f(x). 

The monotone convergence theorem holds in every Banach function space X in the 
form of the weak Fatou property (see axiom (ii)). Also note that X a is the largest subspace 
of X for which the suitable dominated convergence theorem holds (see Proposition 3.6, 
p. 16 of Q). So this fact can be used to easily generalise those results on L p -spaces 
to the general Banach function spaces having absolutely continuous norm in which the 
dominated convergence theorem is required. It is due to this fact that our results in §3 
follow on similar lines as in //-spaces without any extra effort. 

For details on Banach function spaces, we refer to 1211 31141 . 

For a measurable function u: £2 — > Mjv(C), the set of all N x N matrices over C, the 
multiplication transformation M u : L(ji,C N ) i— > L(n,C N ) is defined as 

M u (f)=u-f, forall/eZ.(M,C*). 

Using the arguments given in the introduction on p. 5 17 of 1 23 1 and p. 163, Theorem 1 .2 
of 1 6 1 we can easily prove the next result. 

Theorem 1.1. The multiplication operator M u is a bounded operator on a Banach func- 
tion space X if ' and only if u € L°°(ju,Mjv(C)), the space of all M^(C\valued essentially- 
bounded measurable functions. Moreover, we have 

\M u \x»x = ||w||- := inf sup ||?(*)||, (1.1) 
||M M || X „ X = inf{M > 0: \l({x E £2: ||a(je)|| > M}) = 0}, (1.2) 

where ||w(x)|| is the operator norm of u(x) in B(C ) induced by \\ ■ || c jv and [u] is the 
equivalence class of all measurable functions that are jl-a.e. equal to u. 

Note that for = 1, L°°(h,Mn(C)) is the space of essentially bounded C-valued mea- 
surable functions denoted as L°°(ju). 
For details on matrix analysis, see 1 10 1. 
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DEFINITION 2. 

For u G L(n,M N (C)), an operator (M U ,D(M U )) denned on X(C N ) by (M u f(x)) = u(jc) • 
/(jc) for* £ £2 and for all / G D(M U ) — {f G X: u ■ f £ X} is called a matrix multiplication 
operator. 

We consider an abstract Banach space-valued linear initial value problem of the form 

v(t)=Av(t), t>0, 
v(0)=x, 

where the independent variable t represents time, v(-) is a function with values in a C^- 
valued Banach function space X =X(C ), where C N denotes the A^-dimensional complex 
space. Since all the norms on C N are equivalent, we choose || • || c w = || ■ || SU p- Note that 
this norm induces the matrix norm ||(ay)#x#|| = niaXi=i ) ... r /vLj=i |fly| onMAr(C), that is, 
the norm of a matrix is given by the maximal absolute sum of its rows. 

Also, A: D(A) CI >—>X is a linear operator and x EX is the initial value. This problem is 
called an abstract Cauchy problem (ACP) associated with a matrix multiplication operator 
(M U ,D(M U )) and the initial value x. 

A function u: R+ i— > X forms a solution of ACP, if u is a continuously differentiable 
function with respect to X and u(t) £ D(A), for each t > (see 1 17 1). 

If the operator A is the generator of a strongly continuous semigroup (T(t)) t >o, then 
for each i 6 D(A), the function 

w: f i— > u(t) — T(t)x 

is the unique solution of ACP. See |17| and |19| for details on ACP and semigroups. 
Note that every well-posed Cauchy problem is solved by a strongly continuous semigroup 
and each such semigroup is the solution semigroup of a well-posed Cauchy problem (see 
CD). 

In this paper, we extend the results of 16191 121241 to general Banach function spaces. 
Note that the separable Banach function spaces form a subclass of the absolutely continu- 
ous ones. The examples of Banach function spaces having absolutely continuous norm are 
//-spaces, Orlicz spaces with A2-conditions |20|, Lorentz spaces 0, separable Orlicz- 
Lorentz spaces II II . etc. In the second section, we study the compactness, closedness, 
invertibility and Fredholmness properties of a multiplication operator M u on a Banach 
function space X. In the third section, we discuss the abstract Cauchy problem associated 
with the operator (M U ,D(M U )) onX. 

2. Properties of multiplication operators 

For a measurable function u: Q. t— > M#(C), we call the set 

M ess (ii) = {A GC: ju({s£i2: ||a(j)-A|| <e})^0, Ve > 0}, 

its essential range and define the associated multiplication operator M u on the space X by 
M„(f) = u- f for each / in the domain 

D(M u ) = {feX:u-feX}. 

In case M u is a bounded linear operator on X, we have D(M„) = X. 
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PROPOSITION 2.1. 

Let (M U ,D(M U )) be the multiplication operator on a Banach function spaceX inducedby 
some measurable function u: £2 *—>■ Mjy(C). Then the following statements hold: 

(i) The operator (M U ,D(M U )) is closed and densely defined, in case X has absolutely 
continuous norm. 

(ii) The operator M u has a bounded inverse if and only if ^ « ess (£2). In this case, 
M -\ — M r ,for some measurable r. £2 i— > Mjy(C) defined by 



for each s G £2. 

(iii) 77;e spectrum ofM u is the essential range of u, i.e., o{M u ) = u ess (Q). 

The proof follows on similar lines as in //-spaces (see [6 1 and |7 1). 

Theorem 2.2. For N = 1, the set of all bounded multiplication operators on a Banach 
function space X of C-valued functions forms a maximal abelian subalgebra of B(X), 
the space of all bounded linear operators on X. 

Proof. Let m = {M u : u G L°°(/i)}. Clearly, m is an abelian subalgebra of B(X). We prove 
that m is maximal, i.e., if A commutes with m, then A G m. 

Let e: £2 — > C be the unity function. Let v = Ae and E G E. Then 



We claim v G L°°(ju). Suppose that the set 

F„ = {x G £2: |v(jc)| > «} 

has a positive measure for each n > 1. By the finite subset property of the underlying 
measure space, we assume n(F n ) < °°. Then, G X and we have 



for each n G N, which contradicts the boundedness of A. Therefore v G LT(p.). Since the 
set of /i-simple functions is dense in X, we have A — M v . This proves that A G m and so 
m is a maximal abelian subalgebra of B(X). 

Theorem 2.3. Lef X = X(C) be a Banach function space of C-valued measurable func- 
tions on £2 and M„ G B(X) for some u G L°°(/i). 77;en M M closed range if and only if 
there exists some 8 > such that \u(x) \ > 8, for fl-almost all x G support(M) = S. 

Proof. Suppose |k(jc)| > 8 for jti-almost all x G S. Then using the same technique as in 
converse part of Theorem 1.2 in p. 163 of |6| with N = 1, we have 




ifu(s)^0, 
»/«(*) =0, 



Alg = AM\ E e = M\ E Ae = l £ v = vlg =M v Ls. 



^n||l f JU<||M v l f J| x 
^n\\\ Fn \\ x <\\A\ Fn \\ x 



\(M u \ s f)(x)\>8\f(x)\, 
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for jii-a.e. x £ £2 and each / £ X. As the norm || • ||x is increasing on X, so we have 

\\M u \sf\\x > 8\\f\\ x , 

for each f EX. This implies that M„ is invertible. Thus, we conclude that M u has closed 
range. 

Conversely, suppose M u has closed range. Then there exists some 8 > such that 

\\M u h\\ x > 8\\h\\ x , for each h eX. (2.1) 

Let E = {x £ £2: |m(x)| < 5/2} be such that fl(E) > 0. So, there exists a measurable set 
F CE such that Lv £ X. Further, 

\(M u If){x)\ = \u{x)1f{x)\<8\I f (x)\, 

implies that 

||M„l F ||x<5||l F ||x, 

which contradicts ( 12. li and so )J.(E) = 0. Therefore \u(x)\ > 8/2, for /i-almost allx £ 5. 

Theorem 2.4. Lef X = ^(C^) be a Banach function space of C N -valued measurable 
functions on £2 andM u £ B(X). Then M u is a compact operator if and only ifX(N,E,C N ) 
is finite-dimensional, for each £ > 0, where 

N = N(u,e) = {xeQ.: \\u(x)\\ >e} 

and 

X(N, e,C N ) = {feX: f{x) = forx £ N}. 

Proof. Suppose M u is a compact operator. Then, its restriction to the invariant sub- 
space X(N,e,C N ) is compact. Also, M U \ X ^ N £ cJV , has closed range in X(N,e,C N ). But 

M u \ X - N e cN , is invertible. Therefore, X (N,e,C N ) is finite-dimensional for each £ > 0. 

Conversely, suppose X(N,e,C N ) is finite-dimensional for each e > 0. In particular, 
X(N, 1 /n,C N ) is finite-dimensional for each n > 1. Take w £ L°°(ij.,Mn(C)) and define 
w„: £2 — > MAf(C), by 



w„,i;(x) 



Wjj(x) ifx£A„, 
ifx^A„, 



for each i,j — 1,2, . . . ,N, where A„ = {x £ £2: ||w(jc)|| > 1 /«}. 
Then for each / £ X, we have 

||((M W „ -M w )/)(*)|| c * < ||(w„(x)-w(x))/(x)U n (x)|| cN 

= lk(x)/(x)l nw (x)|| cN <i||/(x)|| cW , 
for /x-a.e., jc £ £2. Thus, for each / £ X, we have 
||(M Wn -M w )/|| x <l/n||/||x. 

This implies that M Wn — > M w as n — > °°. But each M vl|l is of finite rank and thus M w is a 
compact operator. 
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The next result gives the necessary and sufficient conditions for a multiplication oper- 
ator M„ on a Banach function space X = X(C) to be a Fredholm operator thereby gener- 
alising the results in [ 12 1 for Orlicz spaces and |24| for L p -spaces. Here, we take N = 1. 

Theorem 2.5. Suppose (£2,E,ju) is a non-atomic measure space and M u E B(X), where 
X = X(C) is a Banach function space having absolutely continuous norm. Then, the fol- 
lowing are equivalent. 

(i) M u is invertible. 

(ii) M u is Fredholm. 

(iii) The range of M u , that is, R(M U ) is closed and codim(7?(M„)) < °o. 

(iv) \u{x) | > 8 for \l-a.e. x E £2 for some 8 > 0. 



Proof. We prove (iii) =4> (iv) only, as the other implications are obvious by using the 
previous results. Suppose R(M U ) is closed and codim(/?(M„)) < °°. 

We claim M u is onto. Suppose the contrary. Then there exists f E X\R(M U ). Since 
R(M U ) is closed, there exists g EX*, the dual (associate) space of X such that 

/ ^f ,g a y d M = 1 (2.2) 
Jn 

and 

/ -<{M u f),g >- dn=0, for each/ 6 X. (2.3) 
Jn. 

Now d2.2> yields that the set 

Eg = {x E £2: Re (-</„ (*),*„(*) y) > 8} 

has positive fi -measure for some 8 > 0. As fi is non-atomic, we can choose a sequence 
{£■„} of subsets of Eg with < /J.(E„) < °o and E m C\E n = for m ^ n. 
Putg„ = Ie„8o- Clearly, g„ EX*, as ||g„||x* < \\go\\x* andg„ ^ 0, as 

Re / <f ,g„> djU =Re / ^/ ,go >- dji > 5/x(£„) > 0, 

je„ 

for each n. Also, for each f EX, lg n / 6 X and so d2.3l > implies that 

/ -<f,(M*g n )>- d J u= / <M u f,g n y&n= <M u f,\ Engo y dju 
Ja in in 

= / ^M„l £ „/,g ^ d^i = 0, 

where M* is the conjugate operator of M„, which implies that M*g„ = a.e. and so 
g„ E ker(M*). Since all the sets in {E n } are disjoint, the sequence {g„} forms a linearly- 
independent subset of ker(M*). This contradicts the fact that 

dimker(M*) = codim/?(M„) < «. 

So M u is onto. 
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Let ker(w) = {x 6 £1: u(x) = 0}. Then ju(ker(«)) = 0. Since jlt(ker(w)) > 0, there is an 
F C ker(t<) with < jJ. (F) < °°. Thus, If S X\R(M U ) which contradicts the surjectiveness 
of M u . For n > 1, put 

( ;„ = ^ 6 Q: 7 Ml<| b ( i )|< M 



(n + 1) 2 



and 



r = {neN: ji(G„)>0}. 
Clearly Q. — U~ =1 G„ and jU(G n ) < °°, for each n > 1. Take 



/=E 



w • 1 



„eT \\ l Gn\\X 



Then 



l/WI 



m(x)1 g „(x) 



neT- 



IIhIL 



-nGT Tin II ' 

« I|!g„ -z\\x 
for each x G £2, this proves that 



l/llx<E*<Hi-Ei<- 



n=l ' 



Therefore / eX and so there exists some g EX such that M„ g — f with 

_ / _ y \g„ 

Since the sets G„ are disjoint, using the absolute continuity of X (Theorem 4.1, p. 20 of 
0), we have 



\\g\\x = sup 



hex*,\\h\\x*<1 



sup 



\neT W L G„\\X J h€X*,\\h\\ x ,<l 
neT 



<\ Gn ,hy Apt 



Then, ||g||x < 00 if and only if T is finite. So there is some m > such that for n > 
m, ix{G n ) = and jU(ker(z<)) = 0, which further implies that 

li{x££l: \\u(x)\\ < || M || 00 /m 2 }=M((U" = „ 1 G„)Uker(M)) 

<M((u: =1 G,)Uker( M ))=0, 



that is, ||«MII > ||«||oo/m 2 = 5, a.e. on X. This proves (iv). 
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3. Semigroups of multiplication operators 

In this section, we study some applications of the multiplication operators on X in semi- 
group theory. Using Proposition 12. H i), we see that M u is a closed and densely defined 
multiplication operator defined on an absolutely continuous Banach function space X. 
The essential spectrum of a multiplication operator is defined as 

Cess(M„) = U. rG n0ess( M M) = n pe [ u ]U xe nO(p(x)), 

where o(p(x)) denotes the spectrum of the matrix p(x) and [u] is the equivalence class of 
all measurable functions that are /z-a.e. equal to u. 
For an open £-disk U £ with center 0, we have 

Oess(Mu) = Useless ("(*)) 

= {zeC: n({x e CI: a(u(x)) Hz + U e }) > 0, Ve > 0}. 
Using Propositions 4. 1 1 and 4. 12, p. 32 of 0, it is easy to prove the result. 
PROPOSITION 3.1. 

Suppose (M u , D (M u ) ) is a matrix multiplication operator on the Banach function space X 
with non-void resolvent set p (M u ). Then its spectrum is given by 

a{M u ) = U ie n<T ess («(i)). 

Remark 1 . If Q. = R m with the Lebesgue measure jj. and u is a continuous function with 
non-void resolvent, then we have 

a{M u ) = U xe sia(u(x)). 

The stability of the solutions of the abstract Cauchy problem are determined by the 
spectral bound of the corresponding operator, 1 6 1 . 

COROLLARY 3.2. 

A matrix multiplication operator M u is bounded if and only if its spectrum a(M u ) is 
bounded. 

There are a number of functional analytic approaches to the well-posedness of solutions 
of abstract Cauchy problems (see, for example, |3 7 8 9|). The proofs of the following 
results are on the similar lines as in |9| for //-spaces, so we only state the results. 

Theorem 3.3 . A matrix multiplication operator M u generates a semigroup on X having 
absolutely continuous norm if and only if 

Smile'" |L <«.. (3.1) 

In case M u generates the semigroup {T(t )} f >o, then we have T(t) = M e m. On the other 
hand, if {M e m} t >o defines a semigroup on X, then its generator is given by M u . 

Theorem 3.4. If the matrix multiplication operator (M U ,D(M U )) generates the semi- 
group {T(t)} t >o, then 

a(T(?)) = e'< T ( M »). 
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Let (A,D(A)) be a linear operator on a Banach space F such that there exists some con- 
stants m G N,M > 0, w G R, the real line and a strongly continuous family (S(t)) t >o in 
B(F), the space of all the bounded linear operators on F with 

\\S(t)\\ <Me ll \ for each t > 

such that its resolvent operator R (A, A) = (A — A) -1 exists and is given by 

R{X,A)y = ), m r e- x 'S(t)ydt, 
Jo 

fory G F and A > w. Then (A,Z)(A)) is the generator of an m-times integrated semigroup 

(S(t))t>o. 

The generator of an ra-times integrated semigroups yields the well-posedness of 
the abstract Cauchy problem, since there exists some constants M and w as above 
such that for all initial values u G D(A m+l ), we get a unique solution u(-) with the 
property 

IKOII <Me wt \\x\\ Am , 

for each t > 0, where || • denotes the mth-graph norm of (A,D(A)) (see 117I - ). 

Theorem 3.5. Let (M U ,D(M U )) be a matrix multiplication operator on a Banach function 
space X =X(C N ). Then the following are equivalent. 

(i) The operator (M U ,D(M U )) is the generator of an integrated semigroup. 

(ii) There exists a constant w G R such that 

ff(M„)C{ Z GC:Rez<w}. 

(iii) The resolvent set ofM u is non-empty such that 

esssups(M(jt)) < w, 
xeQ, 

for some w G R, where s(u(x)) denotes the spectral bound of the matrix u(x) G 
M N (C). 

Remark 2. As in Corollary 4.9 of 1171 . we see that the multiplication operator 
(M U) D(M U )) satisfying one of the conditions in the statement of the above-stated theorem 
is a generator of a (2A^+ l)-times integrated semigroup. 

For a multiplication operator (M U ,D(M U )) on X — X(C ), we see that it is a generator 
of a strongly continuous semigroup if and only if there is some c > such that 

He'loc <c, forf G [0,1]. 

Remark 3. Theorem 1 on p. 16 of |9 1 is also true for Banach function spaces X =X(C N ). 
Further, if X has absolutely continuous norm, then p. 163, Theorem 2 of |9|, p. 164, 
Proposition 1 of |9| and p. 165, Proposition 2 of |9| can be proved for such Banach 
function spaces. 

Remark 4. The matrix multiplication operator (M U ,D(M U )) on X also generates some 
subclasses of the strongly continuous semigroups on X such as analytic, differentiable, 
norm-continuous semigroups, etc. See |7 8 19 1 for details on these types of semigroups. 
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Also, we see that the analyticity of semigroups on X depends on the spectrum <j(M u ) of 
the matrix multiplication operator (M U ,D(M U )) on X. 
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